Abstract: Of all B → DD decays, the B 0 → D 0 D 0 decay has the smallest observed branching ratio as it takes place primarily via the suppressed W-exchange diagram. The CP asymmetry for this mode is yet to be measured experimentally. By exploiting the relationship among the decay amplitudes of B → DD decays (using isospin and topological amplitudes) we are able to relate the CP asymmetries and branching ratios by a simple expression. This enables us to predict the CP asymmetry C 00 in B 0 → D 0 D 0 . While the predicted central values of C 00 are outside the physically allowed region, they are currently associated with large uncertainties owing to the large errors in the measurements of the B 0 → D 0 D 0 branching ratio (B 00 ), the other CP asymmetries
Introduction
It is very well known that violation of CP symmetry, the combined symmetry of charge conjugation (C) and parity (P), is essential for the matter-antimatter asymmetry observed in our Universe [1] . All observed CP violation in K and B meson decays are successfully explained by the CabibboKobayashi-Maskawa (CKM) matrix [2, 3] which is a cornerstone of the standard model (SM) of particle physics. However, CP violation as we know in the SM is not sufficient to account for the observed baryon asymmetry in our Universe [4] [5] [6] . Therefore, experimental searches are still going on to find out possibly new sources of CP violation beyond the SM. In this context, study of decays of heavy flavor mesons, especially the B mesons, has played an important role (see Refs. [7] [8] [9] [10] In our analysis we shall exploit the isospin symmetry, which is known to be a very useful symmetry in the study of various hadronic decays, most notably in many B meson decays. The existing literature is replete with many interesting studies of double charm decays of the B mesons [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] . Some of these works [12, 17, 22, 26, 27 ] also analyze the B → DD decays in terms of isospin symmetry. The B → DD decays get contributions from currents that change isospin by 1/2 and 3/2. Without making any assumptions regarding the sizes of these contributions, we find out their upper and lower limits. Another useful method to study various hadronic decays of the B and D mesons is the topological diagram approach [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] . We have used this approach in conjunction with the isospin symmetry to derive a simple expression relating all the branching ratios and CP asymmetries under consideration. This enables us to predict the CP asymmetry C 00 of the B 0 → D 0 D 0 mode. This paper is structured as follows. In Sec. 2, we do the isospin decomposition of the concerned decay amplitudes, keeping both ∆I = 1/2 and 3/2 contributions, and provide the upper and lower limits on them. The decay amplitudes are then analyzed from the perspective of topological amplitudes in Sec. 3 . This leads to an expression for C 00 in Sec. 4. It is followed by a relevant numerical analysis in Sec. 5 , showing how precision measurements can improve our predictions in the future. Finally we conclude in Sec. 6, highlighting the important results of our analysis.
2 Isospin analysis of B → DD decay amplitudes
Isospin decomposition of the decay amplitudes
In the B → DD decays, the initial B meson has isospin I = 1 2 and the final DD state has isospin I = 0, 1. The effective weak interaction Hamiltonian driving these decays has currents which change the isospin by 1/2 and 3/2. Thus the decay amplitudes for the various B → DD decays can be decomposed under isospin consideration as follows:
where A 0 and A 1 are the isospin amplitudes facilitated by ∆I = 1/2 current to the isospin I = 0, 1 final states respectively and B 1 denotes the isospin amplitude with ∆I = 3/2 current to I = 1 final state. The conjugate amplitudes are defined as:
It is easy to notice from Eqs. (2.1) and (2.2) that the amplitudes satisfy the following relations:
3a)
3e)
If one were to neglect B 1 altogether, one would get the relations A +− + A 00 = A 0− and A +− + A 00 = A +0 as given by Sanda and Xing [26] . B 1 , depicting Eq. (2.3e) graphically (not drawn to scale). Another quadrilateral can be drawn similarly for the conjugate amplitudes, for which we denote the analogous angles by θ 1 , θ 2 . The angles θ 1 and θ 2 can generally be different from θ 1 and θ 2 .
Since amplitudes are complex quantities, they are denoted by vectors in the complex plane. The amplitudes A +− , A 00 and A 0− along with 3 √ 2 B 1 (see Eq. (2.3e)) form a quadrilateral as shown in Fig. 1 . Depending on the values for angles θ 1 and θ 2 , the quadrilateral can be either a simple quadrilateral or a self-intersecting quadrilateral. Once again, if B 1 = 0, we would get back to the triangles of Sanda and Xing [26] . It is, therefore, interesting to find out how large the magnitudes of B 1 and B 1 can be per the current experimental observations. Before we get into finding out the limits on |B 1 | and B 1 , let us first write down the expressions for the experimental observables.
The experimental observables
The experimental observables we shall use in our analysis are the branching ratios 1 and CP asymmetries which are defined as,
4a)
From dimensional analysis of the expressions for branching ratios in Eq. (2.4) it is easy to see that the amplitudes have mass-dimension 1 in our case.
4c)
4e)
where m i represents the mass of particle i, τ 0 , τ + are the mean lifetimes of B 0 , B + , respectively, and
The subscript in B ch denotes the fact that we are dealing with the decay of a charged B meson in this case. For simplicity we shall define the 'scaled' branching ratios (which have mass dimension 2) and express the CP asymmetries in terms of them as shown below:
5a)
5c)
5d)
5e)
From the definitions of the observables given in Eq. (2.5), we can easily obtain the following relations:
6a)
|A 00 | = B 00 (1 + C 00 ) , (2.6b)
6c)
6d)
A 00 = B 00 (1 − C 00 ) , (2.6e)
Since the CP asymmetries must always lie between −1 and 1, i.e., −1 C 00 , C +− , A CP 1, the moduli of the amplitudes are always ensured to be positive and real by definition.
Upper and lower limits on the magnitudes of isospin amplitudes
From Fig. 1 it is easy to show that
Considering the conjugate amplitudes, we would get
where the angles θ 1 , θ 2 denote the fact that they are necessarily different from the analogous angles Maximum The maximum value for |B 1 | is obtained when A +− , A 00 and −A 0− are all directed along the same direction, i.e., when the angles in Fig. 1 are set to the values θ 1 = π = θ 2 ,
We can consider all the conjugate amplitudes in a similar manner, and this would lead to the maximum for B 1 ,
Minimum There are two interesting scenarios for finding the minimum of |B 1 |
2
. In the first case, the quadrilateral is squashed into a straight line (analogous to the situation for maximum), while in the later case, for |B 1 | min = 0, the quadrilateral is transformed into a triangle. These two cases can be easily distinguished from each other by first arranging the three amplitude moduli in either increasing or decreasing order. Then we take the sum of the two smaller moduli. If the largest modulus is greater than the sum of the two smaller moduli, then the amplitudes can never form a triangle, i.e. |B 1 | min 0. In the case where the largest modulus is smaller than the sum of the two smaller moduli, the amplitudes can form a triangle resulting in |B 1 | min = 0. When |B 1 | min 0 we have the following three possibilities,
Once again, considering the conjugate amplitudes would give the set of three minima for B 1 ,
It is important to note that following steps similar to the ones presented here, it is also possible to give expressions for maximum and minimum of |A 1 | and A 1 as follows,
Furthermore, it is trivial to find out the maximum and minimum of |A 0 | and A 0 ,
We shall provide a numerical comparison of the allowed maximum and minimum values for |A 0 |,
Thus far, we have considered the two possible quadrilaterals separately. However, the amplitudes and their CP conjugate amplitudes are related to one another via the strong and weak phases. In order to do an analysis keeping both strong and weak phases into account, we shall consider the various quark diagrams (also known as topological diagrams) contributing to the B → DD decays under our consideration.
3 Analysis of B → DD decay amplitudes under diagrammatic approach
Contributing topological diagrams
The B → DD decays are facilitated by various topological diagrams, which are enunciated below.
1. The B + → D + D 0 decay gets contributions from color-allowed tree, W-annihilation, QCDpenguin, QCD-penguin exchange, color-suppressed electroweak-penguin and electroweakpenguin exchange diagrams.
2. The B 0 → D + D − decay gets contributions from color-allowed tree, W-exchange, QCDpenguin, QCD-penguin exchange, QCD-penguin annihilation, color-suppressed electroweakpenguin, electroweak-penguin exchange and electroweak-penguin annihilation diagrams.
3. The B 0 → D 0 D 0 decay gets contributions from W-exchange, QCD-penguin annihilation and electroweak-penguin annihilation diagrams.
Therefore, theoretically the branching ratio for B 0 → D 0 D 0 is expected to be smaller than those
. Contribution of each topological diagram is denoted by an amplitude, the topological amplitude, multiplied by appropriate CKM matrix elements. All B → DD decay amplitudes under our consideration are proportional to V * Ub V Ud where U can be u, c, t and V denotes the CKM matrix. The relevant CKM unitarity condition for B → DD decays is
In our subsequent discussions, we shall use the weak phase β which is an angle of the unitarity triangle associated with Eq. (3.1) and defined as
Decomposition of decay amplitudes in terms of topological diagrams
If we break up our decay amplitudes by using the topological amplitudes with relevant CKM matrix elements, then we can relate the isospin amplitudes with combinations of topological amplitudes.
In general, we can use the unitarity condition and the definition of weak phase β to write down the decay amplitudes as follows,
3a)
A 00 = A 00 + A 00 e iβ , (3.3b)
where
4d)
4e) 
5b)
where the tree T , W-annihilation A, W-exchange E are the topologies with no quark loop, and QCD-penguin P, QCD-penguin annihilation PA, QCD-penguin exchange PE, color-suppressed electroweak-penguin P C EW , electroweak-penguin annihilation PA EW and electroweak-penguin exchange PE EW are the dominant one loop topologies with top quark in the loop. Note that for the no-loop topologies N ∈ {T, E, A} the subscript in Eq. (3.5) has the meaning that N x = NV * xb V xd , and in the one loop topologies L ∈ {P, PA, PE, P C EW , PA EW , PE EW } in Eq. (3.5) the factor V * tb V td is implicitly present. The up and charm quark contributions to one loop topologies can also be considered in a similar manner. However, they do not affect our analysis. Finally, the decay amplitudes for the conjugate processes are obtained by switching the sign of the weak phase β in Eq. (3.3),
6a)
A 00 = A 00 + A 00 e −iβ , (3.6b)
We shall now look at the consequences of the two amplitude decompositions we have carried out.
Consequence of decomposition of amplitudes using isospin and topological diagrams
Starting from Eqs. (3.3), (3.4) and (3.6) one can write down the observables B +− , C +− , B 00 , C 00 , B ch and A CP in terms of the various isospin amplitudes, strong and weak phases. The expressions for the CP asymmetries are given by
1a)
With these results, it is straightforward to obtain the following important expression which relates all the known branching ratios and CP asymmetries for the B → DD decays:
This simple relation can be used to predict C 00 which is currently not measured experimentally,
We note that this result arises when both isospin amplitudes and topological amplitudes are considered together. After getting the expression for C 00 it is pertinent that we do the required numerical analysis taking the current experimental data into account. [51]), we consider the HFLAV averaging of C +− to be more reliable than the one done by PDG.
Estimates of magnitudes of decay amplitudes
Using the experimental data from Eq. (5.1) in the expressions for the moduli of the various amplitudes as given in Eq. (2.6) we get the following estimates, with the errors combined in quadrature, Since C 00 is not yet known experimentally, we can only predict |A 00 | and A 00 in the physically allowed range of C 00 . This is shown in Fig. 2 . We find that 0 |A 00 | , A 00 (0.674 ± 0.168) × 10 
Numerical limits on magnitudes of isospin amplitudes
The shaded regions in Figs. 3, 4 and 5 show the allowed maxima and minima of the magnitudes of isospin amplitudes: |A 0 |, A 0 , |A 1 |, A 1 , |B 1 | and B 1 , in the physically allowed range of C 00 , and as permitted by the current experimental data taken from PDG [56] , LHCb [49] and HFLAV [57] respectively. We have used Eqs. (2.9) and (2.10) to find out the maximum values of |B 1 | and B 1 respectively. For the minimum values we have three cases for both Eq. (2.11) and Eq. (2.12) and we have shown in the plots the absolute minimum out of the three minima possibilities for both |B 1 | and B 1 . The maxima and minima of |A 1 | and A 1 were evaluated in a similar manner using Eq. (2.13). Finally, for the maxima and minima of |A 0 | and A 0 , we have made use of Eq. (2.14).
Predictions for C 00
In the absence of an experimental measurement, we can use Eq. (4.3) to predict a value for C 00 , which with current experimental data is
4.081 ± 4.530 (using PDG data), −3.172 ± 3.638 (using LHCb data), 2.721 ± 2.699 (using HFLAV result).
Clearly, the central value of the predicted C 00 lies outside the physically allowed region for C 00 : −1 C 00 1. However, the large error in C 00 essentially owes its origin to the fact that B 00 , C +− and A CP are consistent with zero within 2σ. Therefore, precise measurements of B 00 , C +− , A CP and an experimental determination of the CP asymmetry C 00 would be very interesting. From Eq. (4.3), one can write down the following expression for B 00 :
Using Eq. (5.5) we can predict the value of B 00 in the physically allowed region of C 00 . In Fig. 6 we provide a comparison of the predicted behaviour of B 00 with the experimental measurement.
Discussion on numerical analysis
If we consider the mean values alone in Eq. (5.2) and the upper limit from Eq. (5.3), then we can arrange the moduli of decay amplitudes in the following order,
consistent with the observation that B ch > B +− > B 00 . Moreover, considering the mean values again we find that, C 00 ). Therefore, it is not possible, at current, to do a meaningful χ 2 -analysis and look for best fit values of the isospin amplitudes in order to make a comparison. Even adding the observable S +− (and S 00 which is not yet measured) does not make any difference, since the addition of these ob- , with C +− taken from the PDG average, LHCb measurement and the HFLAV average. The shaded region shows the 1σ error on the predicted mean value of B 00 given by the black curve. The experimental value of B 00 lies within the blue dashed lines at 1σ. Here for the purpose of illustration, we have included the unphysical regions of C 00 . The physically allowed region for C 00 is within the red dashed lines.
servables also leads to consideration of additional free parameters. Nevertheless, as experimental data becomes available in the future for all possible observables related to the decay modes under our consideration, it would eventually be possible to do a meaningful χ 2 -analysis and study the individual isospin amplitudes and strong phases in a clear manner.
As we have noted earlier the predicted value of C 00 (see Eq. (5.4)) has the mean value completely outside the physically allowed region with large error which makes it consistent with zero within about 1σ. However, if we analyze Fig. 6 we find that by looking in the window of observed range for B 00 , within 1σ standard deviation, the region C 00 0 is favoured by both PDG and HFLAV data, while both positive and negative values of C 00 are allowed if we consider LHCb data alone. If we go to higher standard deviations, the full physical range of C 00 is allowed by the existing data, consistent with Eq. (5.4) . It must be noted that, from Eq. (5.5) as well as from Fig. 6 it is clear that the prediction for B 00 has a singularity at C 00 = 0. Thus, if C 00 is experimentally measured to be non-zero, then we expect B 00 to have larger value than the currently measured value which is consistent with zero at 2σ level. This is by assuming that the other measurements, as given in Eq. (5.1), remain unchanged. A larger B 00 would imply significant contribution from diagrams such as the W-exchange diagrams. Thus, this interplay of B 00 and C 00 measurements could lead to some potential search for new physics.
We would like to emphasize that the large errors in Eq. (5.4) can be reduced if we have precise measurements of B 00 , C +− and A CP which are all currently consistent with zero within 2σ. To illustrate this point, let us consider a scenario in which future experimental analyses with larger data sets give us values of B 00 , C +− and A CP with their central values unchanged but with reduced errors. This scenario is hypothetical because future experiments will not only shrink the errors but also shift the central values in general. Nevertheless, to put our emphasis on precise measurement of B 00 , C +− and A CP on a quantitative basis, we can probe the prospect of Belle II experiment which is expected to have 50 times larger integrated luminosity than Belle [58] . In such a scenario, we can naïvely expect the errors on B 00 , C +− and A CP (taking the HFLAV averages as an example) to get scaled down by a factor of roughly 1/ √ 50. Using our method, such reduced errors on the above-mentioned observables will render an error of about 0.4 for C 00 . If the central value of C 00 is still significantly larger than 1 compared to this new error, it will be an interesting hint of new physics at work. It is also important to note that as B 0 → D 0 D 0 involves the W-exchange, QCDpenguin annihilation and electroweak-penguin annihilation diagrams, a more precise determination of observables related to this mode provides an ideal means to probe the strong dynamics in these topological amplitudes.
Conclusions
In this paper we have analyzed the B → DD decay modes in terms of isospin amplitudes and the topological amplitudes. This leads us to predict the value of the CP asymmetry C 00 in B 0 → D 0 D 0 mode to be 4.081 ± 4.530, or −3.172 ± 3.638, or 2.721 ± 2.699 depending on whether we use the C +− value as reported by PDG, or LHCb, or HFLAV, respectively. Though the central values are all outside the physically allowed range for C 00 , the predictions are consistent with zero due to large errors. The errors in C 00 predictions are large because of very large errors in B 00 , C +− and A CP all of which enter the expression for C 00 . With more precise measurements of B 00 , C +− and A CP , and an experimental observation of C 00 it would be possible to make a better comparison of the observation with prediction using Eq. (4.3). Further experimental results from the time-dependent decay rates for the modes B 0 → D 0 D 0 and B 0 → D + D − would pave the way for a complete meaningful χ 2 -analysis which can be used to determine the contributions of various isospin amplitudes, as well as strong phases that take part in the B → DD decays under consideration. Furthermore, the correlation between B 00 and C 00 is an interesting aspect that can be probed in ongoing and future particle physics experiments such as LHCb and Belle II.
